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Abstract
The generation of non-classical states of large quantum systems has attracted
much interest from a foundational perspective, but also because of the significant
potential of such states in emerging quantum technologies. In this paper we
consider the possibility of generating non-classical states of a system of spins
by interaction with an ancillary system, starting from an easily prepared initial
state . We extend previous results for an ancillary system comprising a single
spin to bigger ancillary systems and the interaction strength is enhanced by a
factor of the number of ancillary spins. Depending on initial conditions, we find
– by a combination of approximation and numerics – that the system of spins
can evolve to spin cat states, spin squeezed states or to multiple cat states.
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We also discuss some candidate systems for implementation of the Hamiltonian
necessary to generate these non-classical states.
Keywords: Spin coherent state, spin squeezed state, Schro¨dinger cat state,
multiple cat state
1. Introduction
The apparent conflict between the classical world of our everyday experience
and the underlying quantum reality has been widely discussed since the begin-
nings of quantum physics. A prominent line of research is the effort to create
entanglement between a macroscopic quantum system and a microscopic system
along the lines of the original Schro¨dinger cat thought experiment [1, 2]. The
generation of macroscopic quantum states is also interesting from a technological
point of view. In optical systems, for example, it is known that various macro-
scopic non-classical states can be exploited to give a significant improvement
in the precision of phase estimation [3, 4]. Along these lines, many proof-of-
principle experiments have been demonstrated with optical systems [5]. How-
ever, hybrid quantum systems might be eventually needed to extract quantum
advantages in practical quantum technology because alternative physical set-ups
could provide different advantages.
Recently, continuous-variable (CV) superposed/entangled states have shown
their potential in various optical and photonic experiments [6] and the use of
CV entangled states can be robust in practical quantum metrology [7, 8, 9].
Recently, “micro-macro” entangled states have been implemented from a path-
entangled single photon state [10, 11]. The beam splitting interaction, by
putting a vacuum in one mode and a single photon Fock state in the other,
followed by a displacement in one of the modes leads to the micro-macro en-
tangled state DB(α)(|1〉A|0〉B + |0〉A|1〉B)/
√
2 where DB(α) is a displacement
operator with amplitude α in mode B [11].
Here, we consider the generation of non-classical states of two interacting
systems A and B where system A is a collection of NA spin-1/2 particles and
2
ancillary system B is a collection of NB spins. Spin states have previously been
considered as a way of storing a qubit (i.e., two orthogonal collective spin states
are used as computational basis states of an effective qubit [12, 13, 14, 15]) but
can be naturally utilised for CV quantum information processing by creating
CV entangled states in a spin system. We assume that the initial state consists
of each of the NA qubits in the same pure state, an easily prepared state in
principle. In [16] and [17] it was shown that various CV states (e.g., spin cat
states, multiple cat states, and spin squeezed states) can be generated from a
spin coherent state (SCS) for NB = 1. By a combination of approximation
and numerics, we investigate cases when NB > 1. An advantage of NB > 1
compared to NB = 1 is faster preparation times of the non-classical CV states.
This paper is organised as follows. In Section 2, we give the interaction
Hamiltonian and show that it has several well-known Hamiltonians as limits. In
Section 3 we present short-time approximations for the dynamics of the model
for two different initial states of spin system A. In the first case, we show
that for a carefully chosen initial state of the ancillary system B, the system
A evolves to a superposition of two spin coherent states, a spin “Schrodinger
cat” state. In the second approximation we show that spin system A evolves
to spin squeezed states. We also give numerical evidence that at later times,
beyond the restriction of the approximation, the combined systemAB can evolve
to a superposition of many spin coherent states (“multiple cat states”) of the
combined system. We suggest an ansatz Hamiltonian that predicts the gross
features of the dynamics in this case.
In Section 4, we discuss a beam-splitter (BS) type interaction between two
distinct systems of spins. If a non-classical SCS interacts with a typical SCS,
the resultant state can be understood as an entangled CV SCS in two modes.
This has potential to be implemented in Bose-Einstein condensates (BECs) and
Nitrogen-vacancy centres (NV-centres) with superconducting systems. Finally,
we summarise the results in Section 5.
3
2. Spin Hamiltonian model
Let us assume that system A is a collection of NA spins and system B is
that of NB spins. We consider a Hamiltonian of the form
Hˆ(NA, NB) = ωA
(
JˆzA +
NA
2
)
+ ωB
(
JˆzB +
NB
2
)
+ λ
(
Jˆ+A Jˆ
−
B + Jˆ
−
A Jˆ
+
B
)
, (1)
where the J-operators on system A are defined as
JˆµA =
1
2
NA∑
i=0
σˆµ(i) ; Jˆ
±
A =
NA∑
i=0
σˆ±(i) ; Jˆ
2
A =
∑
µ
(JˆµA)
2, (2)
where σˆµ are the Pauli operators for the individual spins of A with µ ∈ {x, y, z}.
The J-operators for B are defined in the same way.
The Dicke states are the set of simultaneous eigenstates of the commuting
operators Jˆ2A and Jˆ
z
A, and are denoted by |j, n− j〉A where
Jˆ2A|j, n− j〉A = j(j + 1)|j, n− j〉A ; JˆzA|j, n− j〉A = (n− j)|j, n− j〉A (3)
for j ∈ {0, 1, ..., NA2 } if NA is even, j ∈ { 12 , 32 , ..., NA2 } if NA is odd, and n ∈
{0, 1, ..., 2j}. States in the j = NA2 eigenspace of the NA spin system are totally
symmetric with respect to exchange of any two spins. In particular, the j = NA2
Dicke states are totally symmetric:
|NA
2
, n− NA
2
〉A =
(
NA
n
)−1/2 ∑
permutations
| ↓⊗(NA−n)↑⊗n〉, (4)
where | ↑〉 and | ↓〉 are eigenstates of σz for a single spin. The NA + 1 Dicke
states (n ∈ {0, 1, ..., NA}) are a basis for the j = NA2 eigenspace (this is true
only for this eigenspace, the one associated with the maximal value of j). In
what follows we restrict to the j = NA2 eigenspace and the Dicke state in Eq. (4)
is written as |NA2 , n− NA2 〉A ≡ |n〉A for simplicity.
The Jˆ±A operators have the effect of raising and lowering the n index of Dicke
states:
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Jˆ+A |n〉A =
√
(n+ 1) (NA − n)|n+ 1〉A, (5)
Jˆ−A |n〉A =
√
n (NA − n+ 1)|n− 1〉A. (6)
These raising and lowering operators have a superficial similarity to the
creation and annihilation operators of a bosonic field mode,
aˆ†|n¯〉 = √n+ 1 |n+ 1〉 ; aˆ|n¯〉 = √n |n− 1〉, (7)
where |n¯〉 are Fock states, eigenstates of aˆ†aˆ (the bar above n indicates a state
of the field mode rather than a state of the finite spin system). In fact, it is not
difficult to see that if we identify the Dicke state limNA→∞ |n〉A with the Fock
state |n¯〉 of a bosonic mode, then
lim
NA→∞
Jˆ+A√
NA
= aˆ† ; lim
NA→∞
Jˆ−A√
NA
= aˆ, (8)
and Jˆ±A /
√
NA obey the bosonic commutation relations:
lim
NA→∞
[
Jˆ−A√
NA
,
Jˆ+A√
NA
]
= 1. (9)
This is the bosonic limit of the spin raising and lowering operators. If NA is
finite then we have
[
Jˆ−A√
NA
,
Jˆ+A√
NA
]
= 1− 2
NA
(
JˆzA +
NA
2
)
, (10)
and the spin raising and lowering operators approximately satisfy the bosonic
commutation relations only if the second term on the right hand side of Eq. (10)
can be neglected. For NA finite we also have the Holstein-Primikoff transfor-
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mations [18] that relate the J-operators to the bosonic operators:
Jˆ−A√
NA
=
√
1− aˆ
†aˆ
NA
aˆ ;
Jˆ+A√
NA
= aˆ†
√
1− aˆ
†aˆ
NA
; JˆzA = aˆ
†aˆ− NA
2
. (11)
As in Eq. (10), if the aˆ†aˆ/NA contributions under the square roots in Eq. (11)
can be neglected, the NA spin system (in the j = NA/2 subspace) is well
approximated as a bosonic mode.
The model Hamiltonian (1) has a number of other interesting models as spe-
cial limits. To see this it is first useful to renormalise the interaction parameter
to λ = λ˜/
√
NANB so that we get sensible results after taking limits. Then, for
example, if we take the NA →∞ limit and choose NB = 1 we are left with the
familiar Jaynes-Cummings Hamiltonian for the interaction of a bosonic mode
with a two level system:
Hˆ(∞, 1) = ωA aˆ†AaˆA +
ωB
2
(σˆzB + 1) + λ˜
(
aˆAσˆ
+
B + aˆ
†
Aσˆ
−
B
)
. (12)
If we let NA → ∞ and allow NB to be some finite number we have the Tavis-
Cummings Hamiltonian:
Hˆ(∞, NB) = ωA aˆ†AaˆA + ωB
(
JˆzB +
NB
2
)
+
λ˜√
NB
(
aˆAJˆ
+
B + aˆ
†
AJˆ
−
B
)
. (13)
If we take both NA →∞ and NB →∞ we get
Hˆ(∞,∞) = ωA aˆ†AaˆA + ωB bˆ†bˆB + λ˜
(
aˆAbˆ
†
B + aˆ
†
AbˆB
)
, (14)
the Hamiltonian for an exchange interaction between two bosonic modes.
Each of these interaction Hamiltonians can be used – in principle – to gen-
erate macroscopic superposition states of, say, system A, and/or macroscopic
entangled states of AB, starting from easily prepared initial states of A. The
on-resonance Jaynes-Cummings model, for instance, with an initial mesoscopic
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coherent state and an appropriately chosen initial qubit state, evolves to a
Schro¨dinger cat state of the field mode at a quarter of the revival time (via
an entangled state of the field and the atom) [19]. The on-resonance Tavis-
Cummings Hamiltonian can be applied to generate the same Schro¨dinger cat
state with a shorter evolution time, but with the cost that the NB qubits must
be initially in a GHZ-type state [20].
Transforming the Hamiltonian (1) to the interaction picture with respect
to the free Hamiltonian Hˆ0 = ωB
(
JˆzA + Jˆ
z
B +
NA+NB
2
)
gives the interaction
picture Hamiltonian
HˆI(NA, NB) = ∆
(
JˆzA +
NA
2
)
+ λ
(
Jˆ+A Jˆ
−
B + Jˆ
−
A Jˆ
+
B
)
, (15)
where ∆ = ωA − ωB is the detuning. On resonance (ωA = ωB) this reduces to
HˆI(NA, NB) = λ
(
Jˆ+A Jˆ
−
B + Jˆ
−
A Jˆ
+
B
)
. (16)
This interaction term allows for a collective, coherent excitation to be exchanged
between system A and system B.
Here, assuming resonance and assuming that both NA and NB are finite
with NA  NB , we find interesting states generated by the model Hamiltonian
in the parameter regime in which the bosonic approximation is applicable, as
well as interesting states outside of this parameter regime.
3. Generation of non-classical states
3.1. Spin coherent states
We assume that system A is initially in a SCS [21] of the NA spins given
|ζ〉A =
NA⊗
i=1
[
| ↓(i)〉+ ζ| ↑(i)〉√
1 + |ζ|2
]
, (17)
where ζ is a complex number. This state is, in principle, easily prepared since
each of the spins is in the same pure state. Expanding the tensor product we
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can write this state in the Dicke basis as
|ζ〉A =
NA∑
n=0
Cn|n〉A, (18)
where Cn =
√(
NA
n
)
ζn√
1+|ζ|2NA
. Written in this form, it can be shown [22, 16]
that in the NA →∞ limit the SCS | ζ√NA 〉A is identical to the bosonic coherent
state |ζ¯〉 with complex amplitude ζ:
Figure 1: The fidelity |〈ζ¯| ζ√
NA
〉A| is close to unity when |ζ| 
√
NA. The spin coherent state
mimics a bosonic coherent state in this parameter regime.
lim
NA→∞
| ζ√
NA
〉A = |ζ¯〉 = e−|ζ|2/2
∞∑
n=0
ζn√
n!
|n¯〉, (19)
where, again, we have identified the Dicke state limNA→∞ |n〉A with the Fock
state |n¯〉. When NA is finite the SCS | ζ√NA 〉A is well approximated by the
coherent state |ζ¯〉 when |ζ|  √NA. In figure 1, the fidelity |〈ζ¯| ζ√NA 〉A| is
shown between a coherent state and a SCS with respect to different values of
ζ and the number of spins NA. Thus, big spins are capable of mimicking an
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optical coherent state.
3.2. Approximate dynamics
In this subsection (following the methods of [23]) we approximate the on-
resonance interaction picture Hamiltonian (16) with a big spin in mode A and
small fixed number of spins in mode B (NA  NB), for the initial separable
state
|ψm(0)〉 = |ζ〉A|Dφm〉B , (20)
where |ζ〉A is a SCS in mode A with√
NB
NA
 |ζ| 
√
NA
NB
, (21)
and |Dφm〉B = e−iφJˆ
z
B |D0m〉B is a Dicke state of B, a simultaneous eigenstate
of Jˆ2B and the operator Jˆ
+
B e
−iφ + Jˆ−B e
iφ with eigenvalue m. We note that
|Dφm〉B depends on the phase e−iφ = ζ/|ζ| of the initial coherent state of system
A. These states are sometimes called “semi-classical eigenstates” [19] of the
Hamiltonian in Eq. (1) because they are eigenstates of the Hamiltonian if we
replace Jˆ+A and Jˆ
−
A with their expectation values in the initial SCS of A.
We rewrite the Hamiltonian in terms of the operator Pˆ ≡
(
Jˆ−A Jˆ
+
A
)−1/2
Jˆ−A :
HˆI(NA, NB) = λ
(√
Jˆ−A Jˆ
+
A Pˆ Jˆ
+
B + Jˆ
−
B Pˆ
†
√
Jˆ−A Jˆ
+
A
)
. (22)
We also define the operator
Qˆ ≡ Pˆ JzB+c =
NB/2∑
mz=−NB2
Pˆmz+c|mz〉〈mz|, (23)
where c = 0 if NB is even and c =
1
2 if NB is odd and |mz〉 are the eigenstates
of JzB . Neither the operators Pˆ or Qˆ are exactly unitary, but are approximately
unitary in the sense that they are unitary if they act on a subspace of A that
excludes the Dicke states |n〉A with 0 ≤ n ≤ NB2 +c and NA− NB2 −c ≤ n ≤ NA.
Restriction to this subspace is a good approximation for the initial spin coherent
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state, since the amplitudes corresponding to these Dicke states are negligible.
We now transform the frame of reference by the “unitary” operator Qˆ so
that the initial state is given by Qˆ−1|ψm(0)〉 and the Hamiltonian becomes
HˆQI = Qˆ
−1HˆIQˆ = λ
(
Qˆ−1
√
Jˆ−A Jˆ
+
A Qˆ Jˆ
+
B + Jˆ
−
B Qˆ
−1
√
Jˆ−A Jˆ
+
A Qˆ
)
, (24)
where we have used the identities:
QˆJˆ−B Qˆ
−1 = Pˆ †Jˆ−B ; QˆJˆ
+
B Qˆ
−1 = Pˆ Jˆ+B . (25)
We find that the operator Qˆ−1
√
Jˆ−A Jˆ
+
A Qˆ in (24) is given by
Qˆ−1
√
Jˆ−A Jˆ
+
A Qˆ =
√
Jˆ2A − (JzA − JzB − c)(JzA − JzB − c+ 1), (26)
assuming that it is acting on the subspace of system A for which Qˆ is unitary.
The upshot of this transformation is that Pˆ has been eliminated from the
Hamiltonian (24) which is now diagonal in the Dicke basis |n〉A since the op-
erator Qˆ−1
√
Jˆ−A Jˆ
+
A Qˆ is diagonal (in the sense that A〈n|Qˆ−1
√
Jˆ−A Jˆ
+
A Qˆ|n′〉A ∝
δnn′). This is useful since the operator aˆ
†aˆ = Jˆz + NA2 (whose eigenstates are
the Dicke states |n〉A with eigenvalue n) has expectation value and standard
deviation
〈aˆ†aˆ〉 = NA|ζ|
2
1 + |ζ|2 ; ∆(aˆ
†aˆ) =
√
NA|ζ|
1 + |ζ|2 , (27)
for the initial state Q−1|ψm(0)〉 = eiφc|ζ〉A|D0m〉B (in the transformed basis).
When
√
Na
NA
 |ζ| 
√
NA
Na
, we have that ∆(aˆ
†aˆ)
〈aˆ†aˆ〉  1. This means that the
distribution of the Dicke states |n〉A in the initial state Qˆ−1|ψm(0)〉 is narrowly
peaked around its average value 〈aˆ†aˆ〉. This property is maintained as the
state evolves since HˆQI is diagonal in the Dicke basis |n〉A. In the following
paragraphs we use this property to make further approximations in two different
parameter regimes, the first corresponding to the bosonic approximation when
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√
NB/NA  |ζ|  1 , and the second in a very different parameter regime with
|ζ| = 1.
Firstly, we assume that the initial SCS parameter of system A is in the range√
NB/NA  |ζ|  1 so that 〈aˆ†aˆ〉 ≈ NA|ζ|2  Na and ∆(aˆ†aˆ) ≈
√
〈aˆ†aˆ〉 
√
NB . Since the distribution of the Dicke states |n〉 is always narrowly peaked
around its average value, we may say that the terms that contribute significantly
to the evolving state are those associated with the Dicke state label n in the
range 〈aˆ†aˆ〉−∆(aˆ†aˆ) ≤ n ≤ 〈aˆ†aˆ〉+∆(aˆ†aˆ). The amplitude of terms well outside
of this range is small. For this reason we say that the operator aˆ†aˆ − 〈aˆ†aˆ〉 is
of the order ∆(aˆ†aˆ). Rewriting HˆQI in terms of aˆ
†aˆ (by the Holstein-Primakoff
transformations), expanding the square roots (26) in HˆQI around
√
〈aˆ†aˆ〉 and
keeping leading terms allows us to approximate
HˆQI ≈ λ
√
NA
(√
〈aˆ†aˆ〉+ aˆ
†aˆ√
〈aˆ†aˆ〉
)
JˆxB ≈ λ
(
NA|ζ|+ 1|ζ| aˆ
†aˆ
)
JˆxB , (28)
which is valid when
λt 2pi
√
〈aˆ†aˆ〉
NB
√
NA
≈ 2pi|ζ|
NB
and λt 2pi
√
NA
〈aˆ†aˆ〉3/2 ≈
2pi
NA|ζ|3 . (29)
Transforming to the original basis, we find that the resultant state at time
t is equal to
|ψm(t)〉 = Qˆe−itHˆ
Q
I Qˆ−1|ψm(0)〉 ≈ |Ψm(t)〉A|Dφm(t)〉B , (30)
a separable state of the composite system AB where the state
|Ψm(t)〉A ≡ e−itλmNA|ζ||ζe−itλm/|ζ|〉A, (31)
which is a SCS of A with a phase that is changing at a rate that is proportional
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to the value of m, and
|Dφm(t)〉B = e−itλm(Jˆ
z
B+c)/|ζ||Dφm(0)〉B , (32)
is a Dicke state in a rotating basis. Thus, if the total initial state |ψ(0)〉 contains
a superposition of |ψm(0)〉 with different values of m, the resultant state |ψ(t)〉
is, in general, an entangled state of the spin system A and the ancillary spin
system B.
For the simplest case of NB = 1, m takes values ±1/2 and we have
|Ψ±1/2(t)〉 = e∓itλNA|ζ|/2|ζe∓itλ/2|ζ|〉A, (33)
|Dφ±1/2(t)〉B =
1√
2
(
e−iφ/2e∓itλ/2|ζ|| ↑〉B ± eiφ/2| ↓〉B
)
. (34)
This is the spin analogue of Gea-Banacloche’s approximation for the Jaynes-
Cummings model for strong initial coherent state and short times [19], as dis-
cussed in [16]. In the bosonic limit (making the transformations λ → λ/√NA
and ζ → ζ/√NA and taking the NA →∞ limit) we recover his results.
The initial separable state
|ψ(0)〉 = 1√
2
(|ψ+1/2(0)〉+ |ψ−1/2(0)〉) = 1√
2
|ζ〉A
(
|Dφ+1/2(0)〉B + |Dφ−1/2(0)〉B
)
(35)
evolves to the entangled state:
|ψ(t)〉 ≈ N
(
|Ψ+1/2(t)〉A|Dφ+1/2(t)〉B + |Ψ−1/2(t)〉A|Dφ−1/2(t)〉B
)
, (36)
with macroscopic components |Ψ−1/2(t)〉A and |Ψ+1/2(t)〉A. The factor N is
for normalisation since the two components |Ψ±1/2(t)〉A|Dφ±1/2(t)〉B are not , in
general, orthogonal.
Although the approximation is valid only for short times in Eq. (29), nu-
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merics show that the qualitative features of Eq. (34) persist for longer times.
In particular, Eq. (34) predicts that at time λtr = 4pi|ζ|, the state of the
spin system and the state of the qubit return to their respective initial states:
|Ψ±(tr)〉A = |Ψ±(0)〉A and |Dφ±1/2(tr)〉B = |Dφ±1/2(0)〉B . For the Jaynes-
Cummings model, this tr is known as the revival time.
At a quarter of the revival time, the ancillary spin states is given by |Dφ+1/2(tr/4)〉B =
|Dφ−1/2(tr/4)〉B coincidently. In the context of the Jaynes-Cummings model, this
is known as the “attractor state” of the qubit [20]. At this time, the state in
Eq. (36) becomes a separable state between A and B and the state in mode A
is a spin cat state:
|ψ(tr/4)〉 ≈
(|Ψ+1/2(tr/4)〉A − |Ψ−1/2(tr/4)〉A) |Dφ+1/2(tr/4)〉B . (37)
For NB > 1 we consider the initial separable state
|ψ(0)〉 = 1√
2
(|ψ+NB/2(0)〉+ |ψ−NB/2(0)〉) , (38)
=
1√
2
|ζ〉A
(
|Dφ+NB/2(0)〉B + |D
φ
−NB/2(0)〉B
)
.
This evolves to the entangled state:
|ψ(t)〉 ≈ N
(
|Ψ+NB/2(t)〉A|Dφ+NB/2(t)〉B + |Ψ−NB/2(t)〉A|D
φ
−NB/2(t)〉B
)
,
(39)
with macroscopic components |Ψ−NB/2(t)〉A and |Ψ+NB/2(t)〉A. From Eq. (31)
and Eq. (32) we can see that at time t = tr/NB the system revives to its initial
state and at t = tr/4NB the big spin and the ancillary system are in a separable
state with the big spin in a spin cat state:
|ψ(tr/NB4)〉 ≈
(|Ψ+NB/2(tr/4)〉A − |Ψ−NB/2(tr/4)〉A) |Dφ+NB/2(tr/4)〉B . (40)
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We note that the revival time and spin cat state generation time are scaled by
a factor of 1/NB compared to NB = 1, but that this speedup comes at the cost
of having to prepare the ancillary system in a GHZ-like state. These results
are consistent with the Tavis-Cummings model for large initial coherent state
[20, 24]. As for NB = 1, although our approximation is strictly valid only for
short times, it captures the qualitative features of the state at later times.
The above results are not surprising, since we expect the A system to look
like a field mode in the bosonic limit. Outside this parameter regime, however,
they dynamics of the system are not obvious. In [17] it has been shown for the
case NB = 1 that when |ζ| = 1 for the initial spin coherent state of A, the system
evolves to spin squeezed states and to “multiple cat states”, superpositions of
two or more spin coherent states. Here we consider |ζ| = 1 for the initial
state of A, but with NB > 1. In this case the Dicke state distribution is
narrowly peaked around its average value 〈aˆ†aˆ〉 = NA2 with ∆aˆ†aˆ =
√
NA/2.
Alternatively we may say 〈JˆzA〉 = 0 with ∆JˆzA =
√
NA/2. The operator Jˆ
z
A
appearing in HˆQI is thus of the order ∆Jˆ
z
A. Expanding the square roots in Hˆ
Q
I
around
√
Jˆ2A =
√
NA
2
(
NA
2 + 1
) ≈ NA2  1 and keeping leading terms allows us
to approximate:
HˆQI ≈ λ
2√Jˆ2A − (JˆzA)2√
Jˆ2A
 JˆxB , (41)
valid when
λt 2pi
√
NA
NB
. (42)
The second term in (41) is quadratic in JˆzA and is know as a finite Kerr
or one-axis twisting term [25, 26]. It is well known that this term leads to
spin squeezing of system A with the most squeezing achieved at the short-time
evolution. This can be quantified by the spin squeezing parameter proposed
by Kitagawa and Ueda, χ2s = 4 min((∆Jˆ
~n⊥
A )
2)/NA where ~n is the mean spin
direction of the state of the spin system, Jˆ~n⊥A is the J-operator along an axis
perpendicular to ~n and the minimisation is over all directions ~n⊥ perpendicular
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to ~n [25, 26]. In figure 2 we plot χ2s as a function of time for NA = 80 and initial
state
[
1√
2
(| ↓〉+ | ↑〉)
]⊗NA+NB
of the combined AB system. This is a spin
coherent state of the NA+NB spins with ζ = 1 and we see spin squeezing of the
state of A at short times. For example, we observe the fact that the squeezing
is 1/NB faster in figure 2 because the interaction strength in Hamiltonian 41 in
enhanced by a factor of NB when the initial state is an eigenstate of Jˆ
x
B .
Figure 2: The spin squeezing of NA = 80 spins due to interaction with NB ancillary spins.
For short times, when χ2s < 1, the state of A is squeezed.
Figure 3 shows Q-functions for the combined NA +NB spin state at various
times. The Q-function for a state |ψ〉 of the composite AB system is defined as
Q(ζ) = |〈ψ|ζ〉AB | where |ζ〉AB is a spin coherent state of the NA+NB spins. In
figure 3(a) we show the Q function for the initial state
[
1√
2
(| ↓〉+ | ↑〉)
]⊗NA+NB
of the system. After a short time, the system has evolved to a spin squeezed
state, as illustrated in figure 3(b) and as predicted by Eq. (41). Figure 3(f)
shows that after a period T = 2piNA/λNB the system has returned (approxi-
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mately) to its initial spin coherent state. At t = T/4 [figure 3(c)] the system is in
a GHZ state, a superposition of the spin coherent states
[
1√
2
(| ↓〉+ | ↑〉)
]⊗NA+NB
and
[
1√
2
(| ↓〉 − | ↑〉)
]⊗NA+NB
, while at t = T/3 [figure 3(d)] it is a “multiple-
cat” state, a superposition of three spin coherent states. The Q-function at half
the revival time [figure 3(e)] shows the spin coherent state
[
1√
2
(| ↓〉 − | ↑〉)
]⊗NA+NB
,
an “anti-revival” of the initial state since each spin has been flipped relative to
|ψ(0)〉AB . In figure 4 we plot expectation values and variances for J-operators of
A and B for the same initial state and for NA = 80, NB = 2. We see the revival
of each of the plotted quantities at λt = λT ≈ 250. At t = T/4 the variance
of the system in the operator JˆxA is close to its maximum value N
2
A/4 = 1600.
Similarly, at this time the variance in JˆxB is close to its maximum of N
2
B/4 = 1.
This indicates that the system is in a GHZ state of the combined NA + NB
spins.
3.3. Ansatz for the dynamics
We find by ansatz and by comparison with numerics that the Hamiltonian
HˆQI = λ
(
NA − 2(Jˆ
z
A)
2 + 4cJˆzA
NA
)
JˆxB , (43)
predicts many of the gross features of the exact dynamics of the system for
initial state |ψ(0)〉AB =
[
1√
2
(| ↓〉+ | ↑〉)
]⊗NA+NB
.
Assuming for simplicity that NA and NB are even, we expand the initial
state in the Dicke basis |n〉A and evolve by the Hamiltonian in Eq. (43) to get:
|ψ(t)〉AB = Qˆe−itHˆ
Q
I Qˆ−1|ψ(0)〉AB (44)
≈ Qˆe−itλNANB2
NA∑
n=0
Cn exp
[
itλNB
(
n− NA2
)2
NA
]
|n〉A
[ | ↓〉+ | ↑〉√
2
]⊗NB
.
Since the time dependent exponentials in Eq. (44) are periodic in time with
period T = 2piNA/λNB , the state in Eq. (44) itself is periodic in time with the
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Figure 3: Q-functions for the combined NA + NB spin system with NA = 80 and NB = 2
(ζ = 1). (a) at t = 0, (b): a spin squeezed state at t = T/40, (c): a GHZ state at t = T/4,
(d): a three component spin cat state at t = T/3, (e) the “anti-revival” of the initial state at
t = T/2, and (f): the revival at t = T .
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Figure 4: Expectation values and standard deviations in time evolution for NA = 80 and
NB = 2 (ζ = 1). At the time λt = λT/4 ≈ 63, ∆JxA and ∆JxB are close to their maximum,
which indicates that two systems are maximally entangled.
same period (if NA is odd the period is 4T ). This implies that
|ψ(T )〉AB = Qˆe−iT Hˆ
Q
I Qˆ−1|ψ(0)〉AB ≈ |ψ(0)〉AB , (45)
the system revives to its initial state.
More generally, we can find a useful expression for the state of the system at
times t = pT/q that are rational fractions of the revival time (p and q are coprime
integers) [27]. At such times the exponential exp
[
2ippi
q
(
n− NA2
)2]
in Eq. (44)
is a periodic function of the discrete variable n with period q. This means that
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we can express the exponential in terms of its discrete Fourier transform Fl:
exp
[
2ippi
q
(
n− NA
2
)2]
=
1√
q
q−1∑
l=0
Fl exp
[−2piiln
q
]
, (46)
where the discrete Fourier transform is given by
Fl = 1√
q
q−1∑
n=0
exp
[
2ippi
q
(
n− NA
2
)2]
exp
[
2piiln
q
]
. (47)
Substituting Eq. (46) into Eq. (44) allows us to write the state of the system
at t = pT/q as a superposition of spin coherent states of the combined NA+NB
spin system:
|ψ(pT/q)〉AB = e−ipTλNBNA/2q 1√
q
q−1∑
l=0
Fl eipilNB/q
[
| ↓〉+ e−2piilq | ↑〉√
2
]⊗NA+NB
.
(48)
The sum in Eq. (47) is known as a generalised Guass sum [28] and can be
calculated for various values of p and q. Suppose, for example, that p = 1 and
q = 4k for some integer k. This means that we are looking at the state at times
t ∈ {T4 , T8 , T12 , ...}. In this case (ignoring global phase factors) we have
|ψ(T/4k)〉AB ∝ (1 + i)√
4k
2k−1∑
l=0
fl
[
| ↓〉+ e−piilk | ↑〉√
2
]⊗NA+NB
, (49)
for fl = exp
[
ipi(2l−NA)2
8k
]
exp
[
ipilNB
2k
]
.
This is an equally weighted superposition of 2k = q/2 spin coherent states
distributed uniformly in phase. This is consistent with figure 3(c), which shows
a superposition of two spin coherent states at t = T/4. Similar expressions can
be derived for other values of p and q and for NA or NB odd. For each case
that was checked against numerics with initial state |ψ(0)〉AB , the Hamiltonian
in Eq. (43) predicts the correct revival time, anti-revival time, and the correct
time for the generation of a superpositions of two spin coherent states [as at
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t = T/4 in figure 3(c)].
4. Implementation for entangled SCSs
Non-classical entangled states of spins in atomic ensembles have been suc-
cessfully demonstrated in hot Rubidium gases [12, 13, 14] and NV centres [29]
for qubit-spin interaction in the field of quantum information. In particular,
cold-atom schemes with BECs is one of the strongest candidates for a prototype
of a scalable quantum information processor and is naturally fit for CV SCS
schemes [30, 31].
4.1. Entangling SCSs through spin BS interaction
If we prepare the initial state as a non-classical superposed SCS in one spatial
mode A and a SCS in the other mode B, the key implementation element for
entangling operation is a spin BS interaction HˆI(NA, NB) given in Eq. (15),
which is also used for generating a superposed SCS. In the optical regime it
is well known that such an interaction can create interesting path-entangled
states for suitable non-classical input states. An example is entangled coherent
states (ECSs) [7, 32, 33], which have been demonstrated to be a useful resource
for quantum enhanced metrology [8, 9]. These are created by the mixing of a
Schro¨dinger cat-type state and a coherent state on a BS and by analogy to the
optical case, similar states may be created in spin systems.
We here consider how to create entangled states in BECs. Since the phe-
nomenon of BECs in dilute boson gases was proposed theoretically in the early
1920s, it has been actively demonstrated for the last two decades experimen-
tally. When the temperature or volume of the gas reaches a critical point, the
condensate phenomenon is observed in the number of particles in the gas at very
low temperature. In the simplified model of trapped BEC atoms by ac-Stark
effect (e.g., in two counter-propagating trapping lasers), the BEC atoms are
occupied in two hyperfine ground states (|g1〉 and |g2〉), which can be coupled
with an excited state |e〉 [34]. Then, initialised BEC atoms in mode A is given
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by
|ζ〉A = 1√
1 + |ζ|2 (|g1〉A + ζ|g2〉A)
N
. (50)
Suppose that two BECs are trapped in a cavity (e.g., a superposed SCS
in mode A and a typical SCS in mode B). Circular polarised light coupling
between |e〉 and |g1〉 (or |g2〉) perform an adiabatic passage between |g1〉 and
|g2〉, and then, a cavity field can mediate two BECs to obtain an effective spin
Hamiltonian [31]
HˆBEC ≈ Ω
(
J+AJ
−
B + J
−
A J
+
B
)
, (51)
after adiabatic elimination of the high-energy level |e〉 in the cavity (Ω is the
effective Rabi frequency).
Note that the same spin interaction is used for creating superposed spin
states between a SCS in BECs and ancillary spins. For example, a well-focused
laser beam creates a micro-trap (e.g., an optical tweezer trap) which can contain
a single atom in an optical potential [35]. By moving the trapping potential,
the ancillary atom can be shifted into the interaction region of a cavity with the
prepared SCS and the same effective Hamiltonian is given for building a non-
classical superposed SCS in the cavity. Alternative methods of Schro¨dinger cat
generation have been recently proposed using polarised light in trapped spins
[36]. Particularly, one of the superposed spin states can be built as a GHZ-type
spin state during the time evolution and can be used for an initial state, which
can be converted into a macroscopic optical Schro¨dinger cat state using the
Tavis-Cummings Hamiltonian [20].
In addition, one might use the entanglement between a SCS and a qubit to
entangle two SCSs. If the qubit is represented by a polarised light interacting
with a hot atomic ensemble [36, 12, 13, 14] or superconducting flux qubit con-
nected with NV-centres [37, 29], we could generate two entangled states given
by a pair of (|ζ〉|0〉 + | − ζ〉|1〉)/√2. Then, if a Bell state measurement is per-
formed in two ancillary qubits, the outcome state in two SCSs is equivalent to
21
the ECS.
5. Summary and remarks
In summary, we have investigated the generation of non-classical superposed
spin states using ancillary spins. Our focus has been on the scheme of gener-
ating two or multiply superposed SCSs for NB = 2 and propose a generalised
Hamiltonian for NB > 2 that explains the gross features of the model. We also
addressed the implementation of entangled SCSs (e.g., in BECs or NV-centres)
in the light of optical techniques.
For practical implementation, the decoherence mechanism needs to be un-
derstood for different physical systems. For example, the general decoherence
effects in BECs could be Markovian dephasing on each atoms and particle losses
[31, 38] while NV-centres and hot atomic gases are confined without losing spins.
In optics the major decoherence model is based on particle loss and this can be
simulated by additional BSs [8, 9]. The analogue of photon loss in the spin
system is understood in terms of spin flips since the “vacuum” corresponds to
all the spins in state | ↓〉. The speedup of preparation could be degraded under
strong decoherence in order to create spin cat states. In addition, robust quan-
tum memories in ensembles is one of the key ingredients for practical quantum
information processing [39] and has been actively investigated in spin systems
[40, 41, 42]. These approaches could be applied in CV spin entangled states in
order to develop practical CV quantum information processing in the future.
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